Eur Biophys J (1998) 27: 501-513

© Springer-Verlag 1998

ARTICLE

Imre M. Janosi - Denis Chrétien - Henrik Flyvbjerg

Modeling elastic properties of microtubule tips and walls

Received: 26 January 1998 / Accepted: 26 March 1998

Abstract Electron micrographs of tips of growing and
shrinking microtubules are analyzed and interpreted. The
many shapes observed are all consistent with asimple me-
chanical model, a flexible tube with competing intrinsic
curvatures. Observations are also consistent with growing
and shrinking microtubules having the same intrinsic cur-
vature for protofilaments, the one observed in oligomers
peeling off shrinking microtubules. If thisis so, the lateral
bonds between protofilaments are responsible for the dif-
ference between shapes of tips on growing and shrinking
microtubules.
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I Introduction

Microtubules are the most rigid element of the cytoskele-
ton of eukaryotic cells. These tubular polymers give cells
their shape, and provide stiffnessto ciliaand flagella. Dyn-
ein and kinesin motors haul vesicles along microtubules,
exerting forces of ~1 piconewton, and during mitosis, the
force that separates sister chromatids is also transmitted
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viamicrotubules. Sincerigidity iswhat microtubules pro-
vide in most designs they are part of, much has been done
to measure the rigidity of microtubules (Amos and Amaos
1991; Dyeet al. 1993; Gittes et al. 1993; Vale et a. 1994,
Vernier et a. 1994; Kurachi et al. 1995; Bourdieu et a.
1995; Tran et al. 1995; Mickey and Howard 1995; Kurz
and Williams 1995; Elbaum et al. 1996).

Theseworks all treat microtubulesin the thin-beam ap-
proximation, i.e., amicrotubule is viewed as an infinitely
thin, straight fiber and characterized by a single parame-
ter, itsflexural rigidity. Thisisnot only asensibleapproach,
but the obly one possible, since the finer structure of mi-
crotubules cannot beresolved in the experiments done, nor
can it be deduced from the data produced.

We know, however, sincethe discovery of microtubules
with the electron microscope that they are small tubes. So
amorerefined description of microtubuleswould, asanat-
ural next and finer level of approximation, describe them
assmall tubeswith intrinsic mechanical propertiesthat ex-
plain the observed and measured properties of microtu-
bules.

Electron micrographs reveal much more than the tubu-
lar shape: they show that a microtubule is a two-dimen-
sional, cylindrical “crystal” of proteins. But since electron
micrography requiresvitrified samples, observationinrea
time of micro-manipulations and their consequences, such
as application of force to, e.g., the wall of a microtubule,
is not possible.

Recent el ectron micrographs of ends of growing micro-
tubules may, however, be interpreted to reveal mechanical
propertiesof microtubulesto adegreethat goesbeyond the
thin-beam approximation. The micrographs show that
growing ends of microtubules often taper to long, narrow
tips that curve away from the microtubule; see Fig. 1
(Chrétien et al. 1995). These tips consist of protofilaments
that are bound laterally to each other, but are too few in
number to form afull microtubule. Their shapesreveal that
conflicting elastic forces pull against each other within a
microtubule’swall. More than this, the shapes are config-
urations in which the forces balance each other in thistug-
of-war. So a quantitative analysis of many observed tip-
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Fig. 2 Histogram of radii of curvature of microtubule tips read off
electron micrographs. Radii aregivenin nanometers. Theinset shows
the cumulative sum for the same distribution

shares may reveal the elastic forces at play, despite the
static nature of electron micrographs. Such an analysisis
an attempt to deduce a cause from its consequences, hence
afar fromtrivial exercise. We pursue it below, and obtain
some definite qualitative results, and some ideas for fur-
ther experiments prompted by these results and their der-
ivation.

Il Materials and methods

The images used in this work were taken from the study
reported in Chrétien et al. (1995). It analyzed the mecha-
nism of microtubule assembly by cryo-electron and video-
light microscopy. Details concerning the preparation of the
biological samples and the imaging conditions can be
found in this article.

Good quality imagesat afinal magnification of 66.000x
were produced from the original negatives. Altogether 535
circularly bent microtubule extensions were identified.
The radii of curvature were measured by comparing each
extension with calibrated circles printed on atransparency
and finding the circle providing the best fit. The accuracy
of this simple measurement of radii was typically 1 mm,
and limited by microtubule tip shapes being non-perfect
sections of circles. The accuracy was better then 10% for
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Fig. 1 View of the extremity of amicrotubuleaster grownfor 1 min
in a 19.5 um tubulin solution. One notes the heterogeneity of the
ends, which range from “blunt” to long, narrow, curved tips, formed
by sheets of microtubulewall. One al so notesthat thelongest of these
curved tips are shaped as sections of circles
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every radius determined. Measurementswere madefor ten
groups of microtubuletips, each group of tipsbeing grown
in a different tubulin concentration and/or for a different
amount of time. Although different radii of curvature were
found for different groups, the differences were not signif-
icant: Thedistribution of radii found for each group agreed
withthe aggregated distribution found by adding up all dis-
tributionsfrom all groups. The latter distribution is shown
inFig. 2.

We have tried to determine the protofilament number
of these uniformly curved microtubule extensions with a
comparative contrast analysis. Owing to their large curva-
ture, the sheets orient edge-on in the thin film of vitreous
ice. Thus, the protofilament number could not be directly
determined from theimages. Attemptsto interpret the con-
trast present in the images of the sheets in terms of proto-
filament numbers were also unsuccessful.

Il Theory

In this section, we model the microtubule wall material
as a two-dimensional elastic sheet with opposite intrin-
sic curvatures. Then we discretize this sheet model in or-
der to treat it numerically, to find its minimum energy
configuration. This we do first for sheet geometries that
represent long microtubule tips with constant protofila-
ment number, and eventually for a more generic micro-
tubule tip.

Since the model contains several parameters, we need
to know the solutions that we find depend on these param-
eters. In particular, we want to know if the qualitative re-
sults that we obtain are sensitive to our choice of parame-
ter values. To thisend, we study many tip shapesfound nu-
merically, and find that to a good approximation they have
fairly simple geometries, asthey are sections of tori. Inthe
same approximation, the expressions for their elastic en-
ergies become fairly simple analytical expressions. From
these analytical expressionswethen prove mathematically
that a wide range of parameter values result in the same
gualitative behavior. Numerical results confirm this con-
clusion, and we are then ready to interpret observed mi-
crotubule tip shapes. That is the subject of the next sec-
tion, and the reader only interested in results can skip the
remainder of the present section.

A) The microtubule wall as an elastic sheet

We describe microtubules and tips with the same funda-
mental parameters. These characterize intrinsic elastic
propertiesof thematerial fromwhich microtubulesandtips
are formed. This material is an approximately 4 nm thick
“sheet” of laterally connected protofilaments. We describe
this material as a two-dimensional surface with mechani-
cal properties that are the same everywhere (homogene-
ity), but differ with direction (anisotropy), because tubu-
lin dimers and their bonds with each other are anisotropic.
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From Fig. 1 and many similar micrographsone seesthat
many microtubule ends are sections of circles to a good
approximation, and that these ends curve away from the
axis of the microtubule. We interpret this as being due to
intrinsic curvature of individual protofilaments. This cur-
vature clearly does not favor the formation of the micro-
tubule, as it tends to pull its constituent protofilaments
away from each other.

On the other hand, mi crotubul es do form spontaneously
from tubulin in solution — i.e., with no template present.
Protofilament numbers from 8 to 17 have been observed
(Kareclaet al. 1989; Chrétien and Wade 1991; Chrétien et
al. 1992; Ray et al. 1993). The microtubules studied here
were found to have from 10 to 16 protofilaments, with 13
or 14 protofilaments in 90% of the cases. The distribution
of protofilament numbers had 13.45 as average, and 0.55
as RMSD. This spontaneous formation of tubes from so-
lution we interpret in three respects : (i) Protofilaments
must be elastic, since they can be straight with zero curva-
ture in the wall of an integral microtubule, yet will curve
out when permitted to do so in tips of growing and shrink-
ing microtubules. (ii) Themicrotubulewall hasanintrinsic
lateral curvature that favors the formation of a cylinder.
One can think of it as a property of the lateral bonds
between protofilaments, but it may as well be due to a
wedge-shaped cross section of protofilaments. Thisdiffer-
ence cannot be addressed and does not matter within the
model used here. The existence of such anintrinsic lateral
curvature is supported by electron micrographs of tubulin
sheets that form when tubulin is allowed to polymerize
from a relatively high initial concentration (Voter and
Erickson 1984). These sheets are laterally curved with ra-
dius of curvature close to that of whole microtubules. (iii)
The different protofilament numbers observed in sponta-
neously formed microtubules show that the microtubule
wall material isflexible laterally: its actual curvature can
differ fromitsintrinsic curvature, since microtubules with
different protofilament numbers have different lateral ra-
dii of curvature, despite being made from the same mate-
rial.

We model the microtubule wall-material with atwo-di-
mensional elastic sheet with intrinsic longitudinal curva-
ture ¢, and intrinsic lateral curvature c,,. These two in-
trinsic curvatureshaveoppositesigns, giving the sheet neg-
ative Gaussian curvature, the mathematical expression for
the kind of curvature that a horse saddle has — see Fig. 4
— as opposed to the positive Gaussian curvature of, e.g.,
surfaces of spheres and ellipsoids.

Thepreferred shape of thiselastic sheet isthe shapethat
minimizesitstotal energy E. Thistotal energy isasum of
contributions for stretching and bending, E = E. + E,.. The
stretching energy can be written

= Zfd?r (2uf + M), M
where pand A are the so-called two-dimensional Lamé co-
efficients, and u;;, i, j =1, 2, are the usual strain tensor
elements derived from a displacement vector field
u(r) =(r'=r)asu; = 1/2(d y, + 4 u+ g ud uy) (Landau
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Fig. 3 Triangulation of a continuous surface with intrinsic curva-
ture and anisotropic bending rigidities. | and t denote the longitudi-
nal and transverse (lateral) directions, a; and a; denote the preferred
(i.e., energy minimizing) angles between triangles sharing alongitu-
dinally, respectively transversely, oriented edge. The other model pa-
rameters (not shown) are the bending stiffnesses of these angles, the
preferred lengths of the triangles’ edges, and the stiffness towards
stretching or shortening of these edge lengths. Figure 4 shows a sheet
formed such atriangulated surface in the configuration minimizing
its total energy
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and Lifshitz 1959). The bending energy is known as the
Helfrich energy (Helfrich 1973)

Eb=Id2r%KH2+KGKE, 2

where k and kg are the “usual” and the Gaussian (or sad-
dle-splay) bending rigidities, respectively. H is the sum of
the principal curvatures ¢, and ¢;, and K = ¢, ¢; isthe Gaus-
sian curvature at a given surface point.

We now wish to find the configuration of agiven sheet
that minimizesthe sheet’selastic energy. Despitethesim-
plifications introduced with this model, the model is too
complex to allow usto solvethis problem analytically. A
numerical method must beemployed. That done, weshall,
however, see from the properties of the numerical solu-
tion that certain good approximations can be made, and
within these approximation we can then do much analyti-
cally.

B) Lattice representation of elastic sheet

In order to describe the elastic sheet numerically, we dis-
cretized its surface with the triangulation shown in Fig. 3.
We chose the edge-length of an unstretched triangle, i.e.,
the lattice spacing of the unstretched triangulation, as our
unit of length, for astart. Intrinsic lateral curvatureisbuilt
into the triangulation by introducing a preferred angle a,
between triangles that share an edge pointing in the longi-
tudinal direction; see Fig. 3. This intrinsic lateral curva-
ture gives rise to a corresponding preferred radius of lat-



eral curvature R, which, in units of unstretched lattice
spacings, is

1 _ \3

T o 4sn(ay/2)’ &)

Ro
Geometrical considerations also give a relationship
between the radius of longitudinal curvature, Ry, and the
preferred angle a; between triangles that share an edge
pointing in a transverse direction; see Fig. 3:
cos? 210 = 4 R2 (sin2 3B -sin® B) + =, (4)
2 3 4
where 2 sin 2= Ro! ;o and a,, have opposite signs, like
Cio and Cyo.

The elastic bending energy of the continuous sheet is
model ed with the two-dimensional triangular lattice by as-
sociating an energy with each angle between triangles that
share an edge. The exact form of this energy does not mat-
ter, aslong as it is quadratic in the displacement near its
minimum, because we shall consider only small displace-
ments, which then experience a restoring force obeying
Hooke's Law. It is convenient to express this bending en-
ergy in terms of the unit normalsto each elementary trian-
gle. A simple choiceis

i 1
EtI)attlce = =K' n. -n
2 (aZﬂ)‘ o

wherethesumisover all pairsof triangles sharing an edge,
and K' is the lattice bending rigidity.

Seung and Nelson (1988) proved that for an isotropic
two-dimensional triangular lattice kg = —K, i.e., the con-
tinuum limit of Eq. (5) is

2

(5)

_1 2 2 _
Eb—EKId r(H< -2K), (6)
with
K :%K'; (7

compare Eq. (2).

As a conseguence, the total bending energy E,, can be
decomposed in two partial energiesand expressed interms
of the principal curvaturesin an appropriately chosen cur-
vilinear coordinate system,

- _1 2,2.1 2.2
Eb—EbI+Ebt—§KId rc +§de ree. (8)
In the case of nonzero intrinsic curvatures ¢,y and ¢, the
last equation is replaced by

By = 3K [d?r (6 ~Cio)? + K [T (G —Cro)?. ©)

The elastic stretching energy of the sheet is modeled by

e =2e 5 (ra-n-1)", (10)
(a,b)
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where the sum is over all bonds (a, b) between nearest
neighbour vertices a and b of the lattice, and ¢ is the mi-
croscopic stretching rigidity. Consequently, any stretching
or compression of any bond in the lattice will result in a
restoring force obeying Hooke's Law with coefficient &.
Equation (10) has Eq. (1) as continuum limit with (Seung
and Nelson 1988)

—3-13
U=A 2 E.
This identity between the Lamé coefficients is due to our
choiceof identical stretching rigidity efor all lattice bonds,
irrespective of their orientation. Thisidentity in only indi-
rectly based on empirical insight, and is rather due to a
wish not to introduce unnecessary parameters. The micro-
tubule wall is certainly not isotropic. On the contrary, we
expect its stretching stiffness in the longitudinal direction
to differ from its stretching stiffness in the transverse di-
rection. However, the lattice stiffness must be rather high
for the model microtubule to largely retain the shape of its
cross section when bending moderately, as real microtu-
bules do. Preempting results, we consequently find that
transversely oriented bonds essentially do not changetheir
lengths in our simulations. But that behavior would result
from any large value for the transverse stretching stiffness,
i.e., its value does not matter, does not affect the configu-
rations we find, as long as its value is large. Being about
aslargeasthelongitudinal stretching stiffnessissufficient,
we found, so we used the latter’s value also for the trans-
verse stiffness. This result carries into a qualitative result
about real microtubules: we except the tubulin dimers and
the bonds between protofilaments to be about as stiff or
stiffer towards transverse stretching as the protofilaments
themselves are towards longitudinal stretching.

Now, given valuesfor theintrinsic curvatures a; and a;,
and for the stiffnesses towards stretching and bending, ¢
and k', the preferred shape of a sheet isfound by minimiz-
ing the triangulated sheet’s total elastic energy

— lattice attice attice
E = glattice 4. glatice ;. glatice

(11)

(12)

The stretching energy E'2U° js the one given in Eq. (10).
The bending energies are of the form given in Eq. (5), ex-
cept we introduce intrinsic curvature by giving the bend-
ing energies minima for non-zero bending angles,

' 2
EtIJ?ttlce:lKr z (‘naxnﬁ‘—sinmo) )

(13)
2" (d#p)

for bending at longitudinally oriented edges/bonds, and an
identical expression for transversely oriented bonds, with
subscript 1 replaced by t.

C) Energy minimization, numerical method

The configuration of a given sheet that minimizesitstotal
elastic energy was found with a conjugate-gradient relax-
ation method (Press et al. 1992) that involves all variables
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Fig. 4 Minimum enerav configuration of atriangul ated el astic sheet
having Ly =40, W, =53, K'/e=0.07, a, = 2r/28 (i.e., R,g = 3.87),
and a, = 0.1 (i.e., Ry = 3.867).(Lengths are here given in units of an
unstretched lattice bond.)

r, in each relaxation step, i.e., configuration updates are
global . We found this algorithm to be the most efficient
one compared to simpler, local algorithms. The reason for
thisefficiency iseasily understood in physical terms: low-
energy deformations of the energy-minimizing configura-
tion are coherent, “long wave length” deformations, i.e.,
global deformations. Elimination of such deformationsis
the bottleneck in the process of finding the minimum-en-
ergy configuration with any local algorithm, and is only
done efficiently with an algorithm that can find and move
in the few degrees of freedom characterizing “long wave-
length” deformations, i.e., aglobal agorithm.

Figure 4 shows a typical minimum-energy configura-
tionfor asmall, rectangular-shaped sheet. Note that bond-
lengths and -angles typically differ from their preferred
values even in a configuration of the sheet that minimizes
itsenergy. Thisisbecausethe oppositeintrinsic curvatures
giveriseto atug-of-war within the elastic sheet, i.e., inthe
material of the microtubule'swall, and this tug-of-war re-
sults in a compromise with no side winning it al. Thus, a
microtubule that is left undisturbed by external forcesis
nevertheless under tension from itsinternal forces!

We studied long, rectangular sheets as models for long
microtubul etipswith constant protofilament number along
their lengths. These sheets differed from the small one
shown in Fig. 4 only through their values for Ly and W,
and for some of them also through the values for their in-
trinsic curvatures and stiffnesses. But we mostly chose the
intrinsic curvatures such that Ry = 1.6 R, because elec-
tron micrographs show that the radius of curvature of iso-
lated protofilaments protruding from ends of depolymer-
izing microtubules is approximately 0.8 times the micro-
tubule diameter.

Thus we here investigate the hypothesis that the intrin-
sic curvature of protofilaments in growing and shrinking
microtubules is the same, and equal to the large curvature
observed in oligomers falling off shrinking microtubules.
We find that this hypothesis and its consequences for mi-
crotubule tip shapes is not contradicted by observed mi-
crotubule tip shapes.

D) Analysis of energy-minimizing lattice configurations

In order to characterize the geometry of a rectangular
sheet’s energy-minimizing configuration, we evaluated
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Fig. 5 Top: Local longitudinal radius of curvature R, as afunction
of longitudinal coordinate | along the sheet shownin Fig. 4, given at
three different lateral coordinatest. The dashed linesindicate thera-
dius of intrinsic curvature, Rg = 0.80. Lengths and coordinates in
this plot are given in units of 2R,5, a microtubule diameter. Bottom:
Local lateral radius of curvatures R, as a function of lateral coordi-
nate t across the sheet, given at five different longitudinal coordi-
nates| along the sheet shown in Fig. 4. The dashed lineindicatesthe
radius of intrinsic curvature, Ryg = 1/2, in units of 2R

its local curvatures. We did this for several sheets. Fig-
ure 5 shows typical resultsfor asmall sheet, local values
for the principal radii of curvature, R, and R,, at various
positions along and across the sheet shown in Fig. 4.
Towards the edges and ends of the sheet, these actual
curvatures approach the sheet’'s intrinsic curvatures.
Away from edges and ends, on the other hand, the actual
curvatures are approximately constant, as one would
expect from a homogeneous sheet with constant width.
We note that R;/R; = 1 while Rj/R,¢ > 1 for the param-
eter values we have chosen for the intrinsic curvatures
and the bending and stretching rigidities. These values
were chosen in a range where the resulting tip shapes
gualitatively resemble those of observed microtubule
tips. Below, we show analytically that a range of param-
eter values result in the same qualitative behavior, so our
results are not that sensitive to the specific values chosen
for parameters, as long as they are chosen in certain
ranges.
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Fig. 6 Filled circles: Total length Ly Of the 40 longitudinal bonds
atagivenlateral coordinatetinthetriangulated sheet showninFig. 4.
The unit of length used here is one unstretched lattice bond. Hori-
zontal dashed line: The unstretched and uncompressed length L =
40. Dotted line: Eq. (14) with 6, = 0.205, R, = R, + R, = 100.63 and
R, = 3.945

Asfor stretching and compression of bonds, we found
effectively none of that for transverse bonds, only relative
deformationsof order 10~ and | ess, growing to about 0.5%
at the very ends of the sheet. The very ends of the sheet are
of nointerest to usfor now, so these deformations are neg-
ligible compared to the deformations of longitudina
bonds, which are of order 1%; see Fig. 6. Figure 6 shows
how the sheet shown in Fig. 4 is stretched or compressed
longitudinally as a function of the lateral coordinate
whithin the sheet. Asit to be expected for the configura-
tionin Fig. 4, longitudinal bonds near the edge of the sheet
are stretched, while those near its center are compressed.
The corresponding forces of opposite sign balance each
other, i.e., sum to zero, because no external forces act on
the sheet. Since forces obey Hooke'sLaw, i.e., are propor-
tional to deformations, the deformations shown in Fig. 6
sum to zero. This zero sum, together with the unchanged
width of the sheet, explains why we found the area A of
the sheet virtually unchanged by the stretching and com-
pression of bonds: (A — LoWp)/(LoWp) = 10™*—107°. The
dotted linein Fig. 6 is explained below.

We found and analyzed the minimum-energy configu-
ration of several sheets of different sizes and with differ-
ent elastic parametersinthe manner just described. Weal so
studied different discretizations of a given sheet, and all
our observations suggest that the minimum-energy config-
urationsto agood approximation can be characterized geo-
metrically in a manner that is much simpler than the man-
ner it was found, namely, as a section of atorus, aswe just
demonstrated for the sheet in Fig. 4. Assuming a section-
of -torus geometry, we have asimple analytical description
of the energy-minimizing configuration. Having that, we
can repeat the search for this configuration with analyti-
cal methods. We restrict the search to section-of-torus
geometries, and we use the fact that these simple geome-
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Fig. 7 One possible parametrization of asection of atorus; see text
for details

tries have correspondingly simple analytical expressions
for their elastic energies.

E) Simplifying analytical approximation

Figure 7 shows one possible parametrization of a section
of arotation-symmetric toruswith circular cross-section.
Each point on the torus’ surface can be parametrized by
two angles, ¢ 0 [-@, @] and 6 O [—6,, 6;]. In the Eucli-
dean coordinate system shown in Fig. 7, the same point’s
coordinates, (X, y, 2), are given by its angles as
Xx=(Rn,—R; cosg) sinf, y=—-R, sing and z= (R, - R,
cosg) cosb. Here R, denotes the “main” radius of curva-
ture of the center of the torus, and R; is the radius of the
cross section. Note that R,, the principal radius of curva-
ture in the longitudinal direction, is different from the
“man” radiusR,=R +R.

For a generic section of atorus, the parameters (6, ¢)
are, of course, not restricted to a rectangle [-6,, 6]
X [—¢, @), as they are for the section shown in Fig. 7.
But they are for the rectangular sheets that we studied.
Thisisnot altogether obvious, but is demonstrated by the
dotted line in Fig. 6 for the sheet in Fig. 4, and follows
also from theoretical considerations: The only way that a
long, homogeneous sheet can be stretched, compressed,
and bent into the shape shown in Fig. 4 with local defor-
mations that are the same all along its length, and inde-
pendent of itslength, isif its ends are shaped asif cut by
a plane through the axis of rotation of the torus, asin
Fig. 7. This geometry translates into a mathematical
statement,

Laet (@) = 260 (Rm — R, cosg), (14)

where Ly (@) isthe total length of the torus section along
aline with constant ¢-value.

The dotted line in Fig. 6 is the graph of Ly (¢) in Eg.
(14) with R, and R,=R +R, read off Fig.5, and
6, = 0.205, with [ 4 [the average over gof the values for
Lyer (@ shown in Fig. 6.

The elastic energies of a sheet shaped as a section of a
torus have fairly simple analytical expressions, especially
when we ignore lateral stretching, as we will, because we
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found it negligiblefor the elastic parameter values of inter-
est here.

The stretching energy then involves only longitudinal
stretching:

_H, o ® O(Ry-Rcosg) 0
ES(RH!R!QO)_ELOR_J—@OC‘(DE L() 151

(15)
where @, reflects to unchanged width of the sheet,
-
2 =—". 16
=7 (16)

Thebending energiesE,, and E,; in Eq. (9) arenow sim-
ple functions of the principal radii of curvature. With

1
== 17

%>R 17
and

__ —cosg 18
%= 5 R cose (18)
the transverse bending term is especially simple:

f

Eyx = L (19)

Sl Rof

(We have chosen ¢, positive and ¢, negative; only their
relative signs matter.) The longitudinal bending energy is

cosg 1 f

%
_K
Ebhg'—oﬂ_{md(l’%i% R c0SQ ROH

An energy-minimizing configuration of the section-of-
torussheet isgiven by thevaluesfor R, R;, and 6, that min-
imize the total elastic energy, the sum of Eg, E;, and Ey.
Since 6, appearsonly in Eg, it can be determined asafunc-
tion of R, and R; from the extremum condition

g:
96, 0

and eliminated from the minimization problem. That done,
the minimizing values for R, and R; were found numeri-
cally.

(20)

(21)

F) Dimensional analysis

Before we used numerical methods to find energy-mini-
mizing configurations, of triangul ated sheets or sections of
tori, we considered the exact analytical simplifications of
the problem provided by dimensional analysis. Weare con-
sidering a system that has dimensions length and energy
associated with it, and several dimensionfull parameters
occur in its definition: the intrinsic radii of curvature, the
bond length in the case of the lattice, the stiffnesses k and
u, or . The dimension of « is energy, while that of i is
(energy)/(length)?. Consequently, we can choose to meas-

ureall energiesin unitsof k and all lengthsin unitsof 2R,.
That leaves us with only one, dimensionless stiffness pa-
rameter to vary,

fi= H(2R0)Ik, (22)

and two dimensionless intrinsic length scales,
Rio = R,o/(2Ro), which we mostly choseto fix at the value
0.8 for reasons given above, and the width of the sheet,
W, = Wy/(2Rp). Since the sheet is homogeneous, i.e., has
the same intrinsic properties everywhere, resultsfor itsra-
dii of curvature do not depend on its length L.
5 The energy-minimizing values for R, = R, (2R,) and
= R/(2R,p) do not depend on the overall value of the to-

taI energy, since a minimum remains a minimum when a
function is multiplied by a positive factor. Consequently,
R, and R, do not depend directly on k, but only on fi and
onW,, i.e., onatotal of two parameters, threeif we choose
to vary Rg aswell.

Our choice of 2R, as unit of length was motivated by
the relative ease with which it can be obtained in electron
micrographs as the microtubule diameter.

G) Solutions

Figure 8 gives the energy-minimizing values for Ii, and
R; asfunctions of the sheet’s width W, for various values
of [i. Values obtained by energy minimization of thetrian-
gulated sheet model are shown as plotting symbols. Val-
ues obtained in the section-of-tours approximation are
shown as full lines. The two kinds of results agree more
than sufficiently for our mainly qualitative purposes, es-
pecialy for R;, which is fortunate, since it is the radius
of curvature that is most easily observed experimentally.
Discrepancies between the two descriptions occur at rel-
atively narrow widths, where discretization errors intro-
duced with the triangulation of the continuous sheet are
relatively important. These errors can be reduced by em-
ploying a finer triangulation, but that is fairly pointless,
since the real microtubule wall is not homogeneous | at-
erally, but is made from protofilaments, and we conse-
guently expect experimental resultsfor narrow tipsto dif-
fer as well from our description in terms of a continuous
sheet.

The dashed lines in Fig. 8 show {/r\lﬁfower law depen-
dencies R/Ro O W¢and R, — R O which we return
to below. For reasons also given below, we found it con-
venient to plot the particular combinations of radii shown
in Fig. 8, instead of just R, and R;.

Figure 9 shows the same quantities as Fig. 8 does, but
for four different values of R, while R, was fixed at the
value 0.8 in Fig. 8. Only resultsfor two different values of
[i are shown, but the conclusions should be clear from the
figure: thereis an almost perfect scaling collapse between
results obtained for different values of Ry, and qualita-
tively the very same behavior for different valuesof fi—in
the range probed here, at least. These are very positive re-
sults, because they illustrate that even beyond the results
of the dimensional analysis, the results obtained with our



Fig. 8 Comparison of full treatment of elastic sheet, discretized as
triangular lattice (results shown with plotting symbols), and contin-
uous treatment of elastic sheet, approximated as a section of atorus
(results shown as continuous lines). As functions of sheet width WO,
we show: Top frame: Theradius of longitudinal curvature R, for the
energy-minimizing configuration, in units of the radius of intrinsic
longitudinal curvature R. Bottom frame: The difference between
theradius of transverse curvature, R;, of the energy-minimizing con-
figuration, and theradius of intrinsic curvature, Ry, = 1/2, multiplied
by a factor R for reasons given in the text. Lengths are measured
in units of 2Ry, as indicated with the tildes. The dashed lines show
simple power-laws, OW$ (top), and OW4* (bottom)

model are general, do not depend on particular choicesfor
parameter values.

Before we discuss what those results are, according to
Fig. 9, we explain the origin of its scaling collapses, and
derive approximate analytical expressions for the results
shown.

H) Further analytical simplifications

In the present analysis, we have always chosen values for
[ and R, such that the resulting tubes and sheets have the
same qualitative properties as microtubules and microtu-
bule tips. For example, the stiffnesses towards deforma-
tionsshould favor that along, rectangul ar sheet that iswide
enough to form asignificant part of tube, indeed does that,
asillustrated in Fig. 10. With a different choice of values
for these parameters, such a sheet may flatten transversely
and roll up longitudinally as a long “serpentine”, effec-
tively atube of length W, and diameter 2R,,.
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Fig. 9 Dependence of the radii R, and R,, on the width W, for en-
ergy-minimizing configurationsof rectangular el astic sheets. Results
are shown for two different values of the dimensionless stiffness fi,
and for four different values for the dimensionless radius R, of in-
trinsic longitudinal curvature. Note the collapse of datafor different
values of R,. The curves drawn in white through the data points are
given by Egs. (25) and (26). All lengths are given in units of 2R,
so when W, approaches 77, a whole, hence straight, tube can form,
and does indeed, aswe seefrom R, — o and R, - Ry

Figure 9 showsthat for narrow widths W, the radius of
longitudinal curvature, R, isessentially constant, indepen-
dent of W,, and equal to isintrinsic value Ry. So along
and sufficiently narrow strip will, indeed, roll up asalong
“serpentine”. But for somewhat wider strips, R, increases
exponentialy fast with increasing W,. In the case of
{1 =180, we see that the transition from constant to expo-
nentially increasing R, occurs at Wy = 0.5= 27713, i.e, a
strip the width of one protofilament will roll up with cur-
vature very closeto itsintrinsic one, while already a strip
with the width of two protofilaments will roll up with a
several times larger radius of curvature.

Now consider the term

R, — R cosp=R, + R (1 - cos¢)

that occurs in the expressions for Eg and Ey, in Egs. (15)
and (20) above. Since

|0l < @ = Wo/(2R) < Wo/(2Rg) = W, (23)

small widths W, ensure that R > R,(1—cosg) because
1—cosp< @12 < @@l2 < WEI2 < 1,whileR 2 Rg= Ro=R.
Widths that are not small, on the other hand, have
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R >R 2Ry =R, while0<1-cosgs 2, so asoin this
casein R, > R, (1 — cosg). Together, the two cases exhaust
all possibilities, and we consequently use the approxima-
tion

R +R(1-cosp =R (24)

inthestationarity condltlonsdE/0R| OEIOR, = OE06,=
that define the energy minimizing valuesfor R, R;, and 60
HereE = E + E, + E;, anditisimportant that the approx-
imation (24) is done not in the energy E itself beforeitis
differentiated to obtain the stationarity conditions, but only
in these conditions after they have been derived. Thisis
because a small quantity like R, + R, (1 —cos¢) can have a
significant derivative. For example is its derivative with
respect to R, is equal to 1.

Within the approximation just described we then find,
after some algebra, that

R/Ro=lo/ls + fi (1, ~19)/(41) (25)
and

5 B y_fe = 1 2(1li—cos\b) _ 1, - cos® Wp O
(R-Ro)-Rb 16H YT (R/RO)ZB

o (1 —cosV)* =3(1, = 1)

"e4 (R/Ro)? (26)
where we have introduced the notation |, n = 1, 2, for the
integrals

N Dsm~~ forn=1

't do W

= [ 7, cos’ 27)
° D Sm(ZW)) forn=2

Thus we finally have an analytical description in closed
form of the not-so-trivial dependence of the principal cur-
vatures on the sheet’s width and on the model’s single di-
mensionless parameter, [i. We note that according to this
description, R,/R,q divergesat W, = rtbecausel  inthede-
nominator in Eq. (25) vanishes for Wy =7 This di-
vergences is also seen numerically in Fig. 9, and signals
that astraight microtubuleisformed whenthe sheetiswide
enough to form one, i.e., for Wy = 27Ry, or, equivalently,

Using these analytical results, we should now be able to
explain the approximate power law dependencies observed
in Fig. 8. These approximate power laws are good approx-
imations only for Wy > 0.7 or so. But that bound is also
about the smallest width at which we can expect our con-
tinuous sheet to approximate laterally bound protofila-
ments reasonably well, sinceit isthe width of three proto-
filaments. So the simplification represented by these power
laws may be useful, and we consequently seek out their or-
igin.

Itisfairly simple, and is partly revealed by the [i-de-
pendence of the curvesin Fig. 8. We note that curves cor-
responding to different values of [i are separated by aver-

tical spacing that is approximately independent of W, for
W, > 0.7. This means that the /i -dependence of the plot-
ted quantities is through a simple factor that does not de-
pend on W,. Moreover, we observe that_ R /R o IS approx-
imately proportional to /i, while (R, — Rto) R{ is approxi-
mately proportional to [ ‘1. So it isclear what to look for
in Egs. (25) and (26). For [i aslargeasin Fig. 8, the sec-
ond term on the right-hand-side of Eq. (25) is much larger
than the first term when W is not too small, hence makes
R|/R,o proportional to fi, as observed numerically. In
Fig. 8, W, is not large, so an expansion in W, to leading
order may be a decent approximation. It yields

4

R/Ro= g5V
i.e., the sought-for power law.

With R,/R,, thus proportional to [J the first and last
termsin Eq (26) are proportional to /i, while the second
term |S|gnorablecompared to them. Thurs(Rt Rto) Rlo is
proportional to fi %, asexpected. Expandlng in Wy to lead-
ing order, we find that only the last term in Eq. (26) con-
tributes, yielding

5 B B2 o 45
(R-%)R%—m.

(28)

(29)

i.e., the other sought-for power law.

Tracing back the origin of the contributing terms in
these results, we see that the simple proportionality with
WO and u observed in the top frame in Fig. 8, and with
W and i~ in the bottom frame, is due to dominance of
the stretching energy over thelongitudinal bending energy.
Thus we conclude that if protofilaments willingly bend,
but are unwilling to stretch and unwilling to change thein-
trinsic lateral curvature of the sheets they form, then we
should expect asimple fourth power dependence of thera-
dius of curvature of tips with their widths. Conversely, if
such a dependence were observed, we would know how to
interpret it, and could presumably also rule out other ex-
planations. Unfortunately, things are not that simple. But
now we are prepared in discuss them.

IV Results
A) Thermal fluctuations ignored

Figure 10 illustrates in a three-dimensional manner the
very strong dependence of a microtubule tip’s longitudi-
nal radius of curvature R, on the tip’s width W,, as found
in the previous section. We emphasize that all of the model
tips shown in Fig. 10 have the same “material” properties,
namely the same stiffnesses and the same intrinsic radii
of curvature. The circularly bent sheet representing a
single protofilament has a R, =R,;=0.8 microtubule
diameters.

Now that we have understood the behavior of model
tips of constant width, we are prepared to study more com-
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Fig. 10 Minimum energy configurations of model microtubule tips
of different uniform widths: 1, 2, 3, 4, 5, 6, and 11 protofilaments.
All tips shown have the same intrinsic properties. (The length scale
is given by the diameter of the short piece of closed tube each tipis
attached to.) Different tip widths result in different longitudinal cur-
vatures, despite al tips having the same intrinsic longitudinal cur-
vature. (All tips have been given aslight twist for better 3d perspec-
tive, and do not have constant R, along their lengths, because they
are attached to closed tubes at one end, and sensitive to this boun-
dary condition.)

plicated tip configurations. Such configurations can only
be studied numerically, using thetriangul ated sheet model.
As one example, we show in Fig. 11 the energy-minimiz-
ing configuration of amodel tip with agradually decreas-
ing protofilament number. Thelocal residual elastic energy
of the configuration isaso shown as afunction of position
along the tip. We see that the smaller the width is, the
smaller isthelocal longitudinal radius of curvatureR;, and
the local residual elastic energy of the configuration. We
observed many similar structuresin micrographs, but could
not evaluatetheir curvature, because it changes along their
length, increasing towards the end. Conversely, observed
tips that could be fitted satisfactorily with asingle circle,
we assumed had constant width, i.e., constant protofila-
ment number, along their lengths. We have no rigorous
proof that thisis so. But it is the simplest possible expla-
nation, and the only plausible one we can think of.

B) Thermal fluctuations included

The microtubule model discussed this far has a discrete
spectrum of possibleradii of curvature, oneradiusfor each
protofilament number, asillustrated in Figs. 8 and 10. But
thisis only because the theory so far has ignored thermal
fluctuations of tip shapes, i.e., thermal fluctuationsthat are
captured in the samples when they are vitrified for elec-
tron microscopy. Thermal forcesat room temperature bend
entire microtubules, though not by much. Indeed, one
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Fig. 11 The minimum energy configuration for a model microtu-
bule tip of gradually decreasing width, and its local residual elastic
energy (in arbitrary units). Theintrinsic elastic propertiesand intrin-
sic curvatures are the same everywhere in this model tip, but the ac-
tual, realized curvatures are not, because they depend on the tip’s
width and its shapein general. Consequently, the amount of local re-
sidual elastic energy of the configuration also variesalong itslength,
decreasing towards the end. (The length scale is given by the diam-
eter of the short piece of closed tube on the left end.)

measurement of the flexular rigidity of microtubules was
based on observationsof their thermal fluctuationsof shape
(Gittes et al. 1993). So significant thermal fluctuationsin
shape are to be expected for microtubule tips. The mode
of lowest energy isthe one most significantly excited, and
it only changes the radius of curvature of atip, not itscir-
cular shape. If smearing by thislowest mode iswider than
the gaps in the discrete spectrum, that spectrum turns into
adistribution as smooth asthe onein Fig. 2. The observed
circular shape of tipsthen relies on the mode of lowest en-
ergy being the only one significantly excited and/or slow
enough to be captured by vitrification. Thus, while a dis-
crete spectrum could have confirmed the model, the con-
tinuous spectrum we found does not lead to aforthright re-
jection of it.

So we propose that each line in the sheet model’s dis-
crete spectrum for R, is smeared to the Boltzmann distri-
bution, exp(—E(R,)/kBT) where E is the energy of defor-
mation of tips with a given width and radius R,, kg is
Boltzmann's constant, and T is the absolute temperature.
The mode of deformation with lowest energy is a change
in radius of curvature, so R, is the relevant argument for
the energy. The energy is approximately quadratic in the
curvature 1/R, Then eachlineinthe model’ sdiscrete spec-
trum of radii, R{&Y, is smeared to a distribution

D
P(R)= Anfexp Bngﬁ w%%’ (30)
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Fig. 12 Fit to the histogram of observed radii from Fig. 2 with sin-
gle Boltzmann distribution, Eq. (30)

approximately, where A, is a normalization factor propor-
tional to the number of observed tips made from n proto-
filaments, and B, 0 (Kg T)™* characterizes the width of the
distribution of observed radii for these tips. This distribu-
tion is maximal, equal to A, at the radius R that tips
made from n filaments have at vanishing temperature.

Thefit showninFig. 12 isremarkable by how well asin-
gle Boltzmann distribution capturesthe properties of the ex-
perimental distribution: itssharpinitial riseatlow R, itsslow
decrease at large R, and its overall skewedness, are all per-
fect. The fact that the distribution in Eq. (30) describes the
observed distribution over its range of support from 50 nm
to 900 nm, i.e., over afactor 18, strongly indicatesthat it is
thermal smearing we see, and shows that the minimum en-
ergy mode of deformation can account for what we see.

The bad news is that a good fit by a single Boltzmann
distribution indicates that thermal smearing has a width
much larger than the gapsin the discrete theoretical spec-
trum of radii of curvature. If thisis correct, the mechani-
cal model for the microtubule can be perfectly correct, but
we will be unable to observe the discrete spectrum of ra-
dii it predicts, because of the large thermal smear. This be-
cause the most obvious and direct test of the model’s dis-
cription of microtubuletipsis not possible, unfortunately:
while we can observe radii of curvature with precision in
electron micrographs, we cannot tell the number of proto-
filamentsin agiven tip. If we could, that would provide a
decisive test of the scenario we have invoked, since the
model predicts a particular correlation between protofila-
ment number and curvature in tips.

V Discussion

The fact that we can set the unknown intrinsic curvature
of protofilamentsin growing microtubule tips equal to the

known intrinsic curvature of protofilaments in shrinking
tips (see Fig. 10), suggests that the differencein tip struc-
ture between polymerizing and depolymerizing microtu-
bules needs not necessarily to be caused by active confor-
mational changes of the tubulin. A change in the strength
of the lateral bonds between protofilaments, with no sig-
nificant changewithin protofilaments, issufficient to cause
the disassembly of a microtubule and the formation of its
curly protofilament “crown”.

We cannot prove, though, that the intrinsic curvature of
protofilaments is the same in growing and shrinking mi-
crotubules. All we candoisnoticethat thereisno evidence
against it. The multi-filament tips observed have shapes
consistent with alarge built-in curvaturein individual pro-
tofilaments, we havejust shown, and single protofilaments
with a small curvature are never observed. Other reasons
for the absence of the latter can easily be invented. But
what matters here is that they are not observed. Thus we
may conclude that identical or similar intrinsic longitudi-
nal curvaturesin growing and shrinking microtubulesis a
possibility.

It would beinteresting to repeat the analysis of the pre-
sent paper for microtubules polymerized from tubulin with
non-hydrolyzable GTP analogous. Such an analysiswould
have one clear advantage over the one presented here: we
would know that all tubulin in atip is liganded with the
same anal ogue, whilein the present analysiswe cannot ex-
clude the possibility that some is liganded with GTP, and
some with GDP. Specifically, it would be known that the
single-protofilament extensions, from which we find the
intrinsic longitudinal curvature, are made from tubulin
having the same ligand as the tubulin in the tips that we
model with thisintrinsic curvature.

In conclusion, we have reanalyzed experimental data
for microtubul e tips and found them consistent with asim-
ple elastic sheet model for the microtubule wall. This
model explains observed tip geometries in terms of com-
peting intrinsic curvatures in the wall material. The model
exhausts existing data, and suggests where further experi-
mental efforts may be aimed.
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